Abstract. Let E/Q be an elliptic curve, p a prime and K∞/K the anticyclotomic Zp-extension of a quadratic imaginary field K satisfying the Heegner hypothesis. In this paper we make a conjecture about the fine Selmer group over K∞. When E has supersingular reduction at p we show that this conjecture is equivalent to the conjecture in our earlier work [15] . Furthermore we make a conjecture about the structure of the module of Heegner points in E(Kp ∞ )/p where Kp ∞ is the union of the competions of the fields Kn at a prime of K∞ above p. Assuming this conjecture we prove various results about the structure of the Selmer group and fine Selmer group over K∞ when E has ordinary and supersingular reduction at p.
Introduction
Let K be an imaginary quadratic field with discriminant d K = −3, −4 whose class number we will denote by h K .
If p ≥ 5 is a prime and E an elliptic curve of conductor N defined over Q with a modular parametrization π : X 0 (N ) → E. We shall say that (E, p) satisfies ( * ) if the following are met:
We shall say that (E, π, p) satisfies ( * ) if (E, p) satisfies ( * ) and furthermore p does not divide the number of geometrically connected components of the kernel of π * : J 0 (N ) → E.
Let K ∞ /K be the anticylotomic Z p -extension of K, Γ = Gal(K ∞ /K) and K n the unique subfield of K ∞ containing K such that Gal(K n /K) ∼ = Z/p n Z. Denote Γ n = Γ Now let E ′ be a strong Weil curve in the isogeny class of E i.e. there exists a modular parametrization π ′ : X 0 (N ) → E ′ which maps the cusp ∞ of X 0 (N ) to the origin of E ′ such that the induced map π ′ * : J 0 (N ) → E ′ has a geometrically connected kernel.
If we assume that all the primes dividing N split in K/Q, then choosing an ideal N of O K such that O K /N ∼ = Z/N Z allows us to define a family of Heegner points α n ∈ E(K n ) using the modular parametrization π and a family of Heegner points α ′ n ∈ E ′ (K n ) using the modular parametrization π ′ (see section 2). In [15] we made the following conjecture Conjecture A*. Assume that (E, p) satisfies ( * ), p splits in K/Q and E has supersingular reduction at p then the Γ-submodule of E ′ (K ∞ )/p generated by the Heegner points α ′ n has Λ-corank greater than or equal to two. Assuming this conjecture we proved in [15] (using the same notation in that paper) that if E has supersingular reduction at p and p splits in K/Q then the Λ-corank of Sel p ∞ (E/K ∞ ) is equal to 2 and that X p ∞ (E/K ∞ ) = {0}
We now make the slightly stronger conjecture Conjecture A. Assume that (E, π, p) satisfies ( * ), p splits in K/Q and E has supersingular reduction at p then the Γ-submodule of E(K ∞ )/p generated by the Heegner points α n has Λ-corank greater than or equal to two.
It is easy to see that conjecture A implies conjecture A*. In [15] we proved theorem B for a strong Weil curve E ′ isogenous to E. As theorem B was invariant under isogeny conjecture A* sufficed for our purposes. The author has not been able to prove that the results in this paper are invariant under isogeny which is the reason we have chosen to work with the slightly stronger conjecture A.
We now define the fine p ∞ -Selmer group. Assume that p is an odd prime, F a number field and E is an elliptic curve defined over F . Let S be a finite set of primes of F containing all the primes dividing p and all the primes where E has bad reduction. We let F S be the maximal extension of F unramified outside S. Suppose now that L is a field with F ⊆ L ⊆ F S . We let G S (L) = Gal(F S /L) and S L be the set of primes of L above those in S. We define the fine p
If p is a fixed prime then for any number field F we let F cyc denote the cyclotomic Z p -extension of F . In [6] Coates and Sujatha make the following conjecture Conjecture (Coates-Sujatha). If p is an odd prime, F a number field and E an elliptic curve defined over F , then
If p is a fixed prime and F is an imaginary quadratic field we let F anti denote the anticyclotomic Z p -extension of F (we have denoted this by K ∞ for the imginary quadratic field K above). In relation to the conjecture of Coates and Sujatha above we propose the following conjecture Conjecture B. If p is an odd prime, F an imaginary quadratic field and E an elliptic curve defined over F , then R p ∞ (E/F anti ) is a cofinitely generated Z p -module
Our first result in this paper is the following theorem Theorem. Assume that (E, π, p) satisfies ( * ), p splits in K/Q and E has supersingular reduction at p then conjectures A and B are equivalent
We now propose a third conjecture Conjecture C. If (E, π, p) satisfies ( * ) and if K p∞ is the union of the completions of the fields K 1 ⊂ K 2 ⊂ K 3 ⊂ · · · at a prime of K ∞ above p then we have (i) If E has ordinary reduction at p, then the Γ-submodule of E(K p∞ )/p generated by the Heegner points α n is infinite (ii) If E has supersingular reduction at p and p splits in K/Q, then the Γ-submodule of E(K p∞ )/p generated by the Heegner points α 2n and the Γ-submodule of E(K p∞ )/p generated by the Heegner points α 2n+1 are both infinite
If one replaces K p∞ in the above conjecture with the global field K ∞ then the conjecture becomes true. This can be shown using the results of Cornut [8] and Cornut and Vatsal [9] (see theorems 3.1 and 4.1 of [15] ). Therefore the conjecture is a local analog of this global result.
The relationship between conjectures B and C is given in the following theorem
Theorem. Assume that (E, π, p) satisfies ( * ) then we have (a) If E has ordinary reduction at p and conjecture C(i) is true, then conjecture B is true in that case (b) If p splits in K/Q, E has supersingular reduction at p and conjecture C(ii) is true, then conjecture A is true (and hence conjecture B is also true by the previous theorem)
The final result of this paper concerns the µ-invaraint of Sel
. Using the method of proof of [15] we will show Theorem. Suppose that (E, π, p) satisfies ( * ) then we have (a) If E has ordinary reduction at p, then Sel p ∞ (E/K ∞ ) dual has Λ-rank equal to 1 and µ-invariant equal to zero (b) If p splits in K/Q, E has supersingular reduction at p and conjecture C(ii) is true then Sel p ∞ (E/K ∞ ) dual has Λ-rank equal to 2 and µ-invariant equal to zero 2. Definitions and Control Theorems 2.1. Definitions. In this section we recall the defintion of the Heegner points as well as the definition of the Selmer and fine Selmer group. Let E be an elliptic curve defined over Q. We fix a modular parametrization π : X 0 (N ) → E which maps the cusp ∞ of X 0 (N ) to the origin of E (see [21] and [2] ). Assume that every prime dividing N splits in K/Q (condition ( * )-i). If we assume that the class number of K is not divisible by p (condition ( * )-ii), it follows for any n that K[p n+1 ] is the ring class field of minimal conductor that contains K n . We now define α n ∈ E(K n ) to be the trace from
Let R n α n denote the R n -submodule of H 1 (K n , E[p]) generated by the image of α n under the map
. This implies that the restriction map for m ≥ n
is injective and therefore allows us to view R n α n as a submodule of
Assume that E good ordinary reduction at p and condition ( * )-iv is met then we have (see [1] prop 2.1.4) Tr Kn+1/Kn (α n+1 ) = uα n for some unit u ∈ R n . This implies that R n α n ⊂ R n+1 α n+1 and so we may construct the direct limit lim − → R n α n Now assume that E has good supersingular reduction at p ≥ 5. In this case one can show that Tr Kn+1/Kn (α n+1 ) = −α n−1 . This then implies that R n α n ⊂ R n+2 α n+2 and so we may construct the direct limits lim − → R 2n α 2n and lim − → R 2n+1 α 2n+1 Let us now define the Selmer groups we will be working with: If L/Q is any algebraic extension and E is an elliptic curve defined over L, we let
We will also be working with the p-Selmer
We now repeat the definition of the fine p ∞ -Selmer group from the introduction. Assume that p is an odd prime, F a number field and E is a an elliptic curve defined over F . Let S be a finite set of primes of F containing all the primes dividing p and all the primes where E has bad reduction. We let F S be the maximal extension of
The definition of R p ∞ (E/L) does not depend on the set S. In fact one can show that for any set S as above we have
We also define the fine p-Selmer group of E/L whose definition may depend on the set S. It is defined as
2.2. Control Theorems. In this section we prove 2 Iwasawa-theoretic control theorems: one for the p-Selmer group and another for the fine p-Selmer group First we need the following proposition Proposition 2.1. Let M be a finitely generated Λ-module. Consider the Λ-module
+ is a free Λ-module with the same rank as M and we have an isomorphism
Γn where the inverse limit is with respect to the norm maps
Proof. The proof is basically the same as [19] 2.2 lemma 4. The fact that M + is a free Λ-module with the same rank as M is clear. As for the second statement we have the following isomorphisms
The last isomorphism above is induced by the isomorphism
We also need the following lemma Lemma 2.2. If X = lim ← − M i is the inverse limit of finite groups of bounded order then X is finite Proof. Giving the groups M i the discrete topology makes X a profinite group. Since the groups M i have bounded order therefore it follows from [22] Assume that (E, π, p) satisfies ( * ) and S is a finite set of rational primes containing all the primes dividing p and all the primes where E has bad reduction. We now
where the inverse limit is taken over n with respect to the corestriction maps. Also define
where the inverse limit is taken over n with respect to the norm maps The restriction maps res :
We now have the following control theorem Theorem 2.3. Assume that (E, π, p) satisfies ( * ). If S is the set of rational primes dividing N p then the map Ξ :
is an injection with finite cokernel.
Proof. Let S n be all the primes of K n dividing S and S ∞ all the primes of K ∞ dividing S and consider the following commutative diagram
Taking the inverse limit of the groups in the top row with respect to the norm and the groups in the bottom row with respect to corestriction we obtain the following diagram
are trivial. This is implies that the maps h n in the diagram (1) above are isomorphisms which in turn implies that the map Ξ ′ in the diagram (2) is an isomorphsim. Therefore by applying the snake lemma to the diagram (2) we see that Ξ is an injection and coker Ξ = img ψ∩ker Ξ ′′ so the proof will be complete if we can show that ker Ξ ′′ is finite. Since we have assumed that all the primes dividing N split in K/Q therefore it follows from [3] th. 2 that the set S ∞ is finite. Now choose an M such that #S M = #S ∞ and such that for every w ∈ S ∞ we have
where v is the prime of S M below w Let m = #S M . For every n ≥ M we label the primes in S n as v 1 , v 2 , ..., v m and the primes of S ∞ as w 1 , w 2 , ..., w m . We choose a labelling such that if k ≥ j ≥ M then w i ∈ S ∞ lies above v i ∈ S k lies above v i ∈ S j . With this labelling we have
where the inverse limit is taken over n with respect to the corestriction maps For any n ≥ M and any i we have Gal(K ∞,wi /K n,vi ) = Γ n therefore if g is a topological generator of Γ we have
. This shows that ker Ξ ′′ is finite which completes the proof.
Proof. By [14] th. 4.5 we know that Sel
dual is a finitely generated Λ-
dual is a finitely generated Λ-module. The same then holds for
is also a finitely generated Λ-module. Since by the control theorem we have an injection
is a finitely generated Λ-module. The corollary now follows from the control theorem and proposition 2.1
We now define X s,p (E/K ∞ ) := lim ← − Sel p (E/K n ) where the inverse limit is taken over n with repect to the corestriction maps. Note that we have chosen to put an "s" in the subscript so that the reader does not confuse this group with the group X p (E/K ∞ ) in [15] which was defined in a different way.
We also define
Γn where the inverse limit is taken over n with respect to the norm maps
The restriction maps res :
We will now prove an Iwasawa-theoretic control theorem for the p-Selmer group. The theorem can be thought of as a "mod p" analog of theorem 2.10 in [15] Theorem 2.5. Suppose that (E, π, p) satisfies ( * ). Consider the map Ξ induced by restriction
(a) If E has ordinary reduction at p, then Ξ is an injection with finite cokernel (b) If E has supersingular reduction at p and p splits in K/Q and conjecture C(ii) is true, then Ξ is an injection and rank Λ (coker Ξ) ≤ 2
Proof. First we prove part (a): Assume that E has ordinary reduction at p. From Mazur's control theorem ( [16] ; see also [10] and [11] ) using the fact that
corollary 2.4) we get that for any n the restriction map
Γn is an injection with finite cokernel of bounded order as n varies. Since E(K ∞ )[p ∞ ] = {0} therefore for any n we have an isomorphism Sel p (E/K n )
. Therefore for any n the restriction map gives an exact sequance
where K n is finite and of bounded order as n varies. Part (a) then follows from this by taking inverse limits and using lemma 2.2. Now we prove part (b). The proof of this part is very similar to the proof of theorem 2.10(b) in [15] . Assume that E has supersingular reduction at p, p splits in K/Q and conjecture C(ii) is true. Define S = {p} ∪{l prime : l|N }. For any n, with this set S, we define S n to be the set of primes of K n above those in S and S ∞ to be the primes of K ∞ above those in S. Now define K S to be the maximal extension of
Note that since we have assumed all the primes dividing N to split in K/Q therefore it follows from theorem 2 of [3] that the set S ∞ is finite.
For any K n it is well-known that the p-Selmer group Sel p (E/K n ) may be defined as
We may also define Sel p (E/K ∞ ) as
For any n consider the following commutative diagram:
3) The vertical maps in the above diagram are restriction. Let us note a few things related to this diagram:
(1) The maps h n,m are isomorphisms: This follows from the fact that 
and T is a finite group. Therefore it follows from these 2 facts that #H
(4) Let p 1 and p 2 be the primes of K above p. Since we have assumed that the class number of K is relatively prime to p, therefore both p 1 and p 2 are totally ramified in K ∞ /K. So in particular there are only 2 primes p n,1 and p n,2 of K n above p and 2 primes p ∞,1 and p ∞,2 of K ∞ above p (4)). Taking the points (2)- (4) into consideration, we take the inverse limit of the objects in the diagram above over n (using the corestriction map for the bottom row and the norm map for the top row) to obtain the following diagram where the group T is finite (using point (3) and lemma 2.2)
To ease the notation, in the above diagram we have denoted K n,pn,i by K pn,i . Applying the snake lemma to this diagram we get
From point (1) above, it follows that Ξ ′ is an isomorphim i.e. ker Ξ ′ = 0 and coker Ξ ′ = 0. Therefore from the above sequence we get that ker Ξ = 0 as required. We also get that coker Ξ = ker Ξ ′′ ∩ img ψ. Since T is finite and Ξ ′′ restricted to
is the zero map it follows that rank Λ (coker Ξ) = rank Λ (img ψ). Therefore we must show that rank Λ (img ψ) ≤ 2. To study img ψ we use the CasselsPoitou-Tate exact sequence (see [6] ) which gives that the following sequence is exact
We take the inverse limits of the groups over n using the corestriction map. As the all the groups we are dealing with are compact Hausdorff, the resulting sequence is also exact:
The fact that this sequence is exact means that img ψ = ker θ. So to show that rank Λ (img ψ) ≤ 2 it suffices to show that rank Λ (ker θ) ≤ 2 or equivalently, ifθ is the dual map, that corank Λ (cokerθ) ≤ 2 By Tate local duality the dual of H 1 (K pn,i , E)[p] may be identified with E(K pn,i )/p. Therefore using this fact, the mapθ becomeŝ
This map is the usual map induced by restriction
To prove our result we will first calculate corank
whereÊ is the formal group of E/Q p . The result then follows from the fact ( [20] ch. 4 th. 6.1) thatÊ(pZ p ) has no p-torsion if p ≥ 3.
Since
, therefore, as in point (1) above, the restriction map induces an isomorphism 
n . Therefore we have shown that corank
It follows that we have
Therefore to show that corank Λ (cokerθ) ≤ 2 we only need to show that corank Λ (imgθ) ≥ 2. This follows from conjecture C(ii) as is explained in the proof of theorem 3.3 in the next section: Consider the subgroup
The proof of theorem 3.3 shows that if conjecture C(ii) is true then the image of M under the map (induced by restriction)
has Λ-corank greater than or equal to two. This implies the result.
Corollary 2.6. Assume that (E, π, p) satisfies ( * ) then both Sel p (E/K ∞ ) dual and X s,p (E/K ∞ ) are finitely generated Λ-modules
dual is a finitely generated Λ-module. Therefore by proposition 2.1 Y S f,p (E/K ∞ ) is also a finitely generated Λ-module. Since by the control theorem we have an injection
Proofs of Main Theorems
Before proving the theorems listed in the introduction we record the following theorem which is esentially the main result proven in [15] Theorem 3.1. Assume that (E, π, p) satisfies ( * ). Then we have (1) If E has ordinary reduction at p, then rank Λ (X s,p (E/K ∞ )) ≤ 1 (2) If E has supersingular reduction at p, p splits in K/Q and conjecture A is true, then X s,p (E/K ∞ ) = {0}
Proof. In section 2.3 of [15] (using the notation in that paper) we constructed a map
First by Tate local duality we have an isomorphism
Next for any n we have a restriction map res ℓ : Sel p (E/K n ) → E(K n,ℓ )/p. Taking inverse limits gives a map
Dualizing this map and using the Tate duality isomorphism we get a map
dual and so composing the map ψ ′ ℓ with this surjection we get our desired map
If we work with the map ψ ′ ℓ rather than ψ ℓ we obtain results identical those in [15] where the group X p (E/K ∞ ) gets replaced by X s,p (E/K ∞ ) so proposition 3.7 in the ordinary case gives that rank Λ (X s,p (E/K ∞ )) ≤ 1 and in the supersingular case the proof of theorem B in section 4 gives that X s,p (E/K ∞ ) = {0} However the reader should be aware of one important detail. In the beginning of sections 3 and 4 in [15] we noted that that statements of theorems A and B were invariant under isogeny and therefore it would suffice to assume that E is a strong Weil curve with a modular parametrization π : J 0 (N ) → E having a geometrically connected kernel. This was important to apply the results of Cornut [8] which require that p does not divide the number of geometrically connected components of the kernel of the modular parametrization.
Regarding the theorem that we are trying to prove the author has not been able to prove that it is invariant under isogeny and therefore we cannot pass to a strong Weil curve as we did in [15] but as (E, π, p) was assumed to satisfy ( * * ) therefore p does not divide the number of geometrically connected components of the kernel π : J 0 (N ) → E and therefore the results of Cornut [8] apply to E without the need to reside to a strong Weil curve. Also we have assumed in the supersingular case that conjecture A is satisfied (rather than conjecture A* in [15] ) so we may work with the elliptic curve E directly rather than working with an isogenous strong Weil curve.
We now prove the theorems in the introduction Theorem 3.2. Assume that (E, π, p) satisfies ( * ), p splits in K/Q and E has supersingular reduction at p then conjectures A and B are equivalent Proof. Assume that (E, π, p) satisfies ( * ), p splits in K/Q, E has supersingular reduction at p and conjecture A is true. Let S be the set of rational primes dividing N p. Since for any n we have that
is contained in X s,p (E/K ∞ ) but the latter group is trivial by theorem 3.1 and so X S f,p (E/K ∞ ) is trivial as well. Therefore it follows from corollary 2.4 that 
. Secondly, since we have assumed that all the primes dividing N split in K/Q it follows from theorem 2 of [3] that the set of primes of K ∞ above S is finite. Finally, it is easy to prove that for any prime v of K ∞ we have the kernel of the natural map
has a finite cokernel follows easily from these 3 facts therefore since R S p (E/K ∞ ) is finite we have that
is cofinitely generated over Z p which proves conjecture B in this case Now assume that (E, π, p) satisfies ( * ), p splits in K/Q, E has supersingular reduction at p and conjecture B is true. Let us first make a few definitions. Let p 1 and p 2 be the 2 primes of K above p. Since we have assumed that the class number of K is prime to p therefore both p 1 and p 2 are totally ramified in K ∞ /K. So in particular there are 2 primes p n,1 and p n,2 of K n above p and 2 primes p ∞,1 and p ∞,2 of K ∞ above p. We will denote the completion of K n with respect to p n,i by K pn,i and we let K p∞,i be the union of the completions K pn,i . Following Kobayashi [13] we define the following subgroups of E(K pn,i ) FINE SELMER GROUPS, HEEGNER POINTS AND ANTICYCLOTOMIC Zp-EXTENSIONS 13
where we view both of these groups as subgroups of E(K p∞,i ) ⊗ F p . By a proof is identical to that of lemma 2.6.5 of [4] using a result of Iovita and Pollack [12] we have
We now define some Selmer groups. First let S be the set of primes of K above p and above all the primes dividing N . We let K S be the maximal extension of K unramified outside S. For any field F with K ⊆ F ⊆ K S we let G S (F ) = Gal(K S /F ) and we let S F be the set of primes of F that lie over a prime of S. LetS K∞ = S K∞ \{p ∞,1 , p ∞,2 }. Since we have assumed that all the primes dividing N split in K/Q therefore it follows from theorem 2 of [3] that the setS K∞ is finite.
Recall that the p-Selmer group of E over K ∞ is defined as
Following Kobayashi [13] we define the even (odd) p-Selmer group of E over K ∞ as
We are now ready to show that conjecture A is true in this case. According to theorem 4.1 of [15] both lim − → R 2n α 2n and lim − → R 2n+1 α 2n+1 are not Λ-cotorsion. Therefore the conjecture will be proven if we show that lim − → R 2n α 2n ∩ lim − → R 2n+1 α 2n+1 is finite.
Since Tr Kn+1/Kn (α n+1 ) = −α n−1 therefore we have that res p2n,i α 2n ∈ E + (K p2n,i ) and res p2n+1,i α 2n+1 ∈ E − (K p2n+1,i ). This implies that lim − → R 2n α 2n ⊆ Sel p + (E/K ∞ ) and lim − → R 2n+1 α 2n+1 ⊆ Sel p − (E/K ∞ ) and so it suffices to show that Sel p + (E/K ∞ ) ∩ Sel p − (E/K ∞ ) is finite. But by (5) above this intersection is Sel
Theorem 3.4. Suppose that (E, π, p) satisfies ( * ) then we have (a) If E has ordinary reduction at p, then Sel p ∞ (E/K ∞ ) dual has Λ-rank equal to 1 and µ-invariant equal to zero (b) If p splits in K/Q, E has supersingular reduction at p and conjecture C(ii) is true, then Sel p ∞ (E/K ∞ ) dual has Λ-rank equal to 2 and µ-invariant equal to zero Proof. Note that by the previous theorem conjecture C(ii) implies conjecture A (also see the comments made in the proof of theorem 3.1 about conjecture A versus conjecture A*). Therefore by theorems A and B in [15] Sel p (E/K ∞ ) dual has Λ-rank 1 in the ordinary case (part (a)) and rank 2 in supersingular case (part (b)). By corollary 2.4 in [15] dual has µ-invaraint equal to zero we need to show that the Λ-corank of Sel p (E/K ∞ ) is less than or equal to one in the ordinary case (part (a)) and less than or equal to two in the supersingular case (part (b)). This follows from theorem 3.1 and corollary 2.6
